We extend the concept of the degree of paraxiality, introduced recently for monochromatic fields, to the domain of stochastic fields. As an example we analytically evaluate the degree of paraxiality for a broad class of model stochastic fields, the Gaussian Schell-model fields, without and with truncation and twist phase. The dependence of the degree of paraxiality on the size and the state of coherence of the source as well as on the truncation parameter and the magnitude of twist phase is analyzed by a number of numerical examples.
INTRODUCTION
A Gaussian Schell-model (GSM) beam is a typical partially coherent beam whose spectral degree of coherence and the intensity distribution are Gaussian functions [1] [2] [3] [4] [5] . Such a beam can be generated, for instance, by scattering as a laser beam from a rotating ground glass plate, then transforming the spectral density distribution of the scattered light into a Gaussian profile with a Gaussian amplitude filter [4, 6] . GSM beams can also be generated with specially synthesized rough surfaces, spatial light modulators, and synthetic acousto-optic holograms [7] . They have important applications in free space optical communications, optical imaging, nonlinear optics, etc. [8] [9] [10] [11] [12] . A more general Gaussian Schell-model beam can possess a twist phase, which differs in many respects from the ordinary quadratic phase factor. In 1993, Simon and Mukunda first introduced twisted GSM beams [12] . Since then, studies relating to the spectrum, superposition, coherent-mode decomposition, analysis of the transfer of radiance, propagation, orbital angular momentum, second-harmonic generation, and ghost imaging of twisted GSM beams have been carried out [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . There has been some interest in the past in the behavior of GSM beams that pass through hard and soft apertures and transparencies [23, [27] [28] [29] [30] . It was found that truncation generally affects evolution of all the properties of the beams on propagation, including their spectral and spatial distribution and also the state of coherence.
In the past several years, more and more attention has been paid to nonparaxial beams [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . A nonparaxial beam can be generated by solid state lasers or by tight focusing of a paraxial beam with high numerical aperture [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] . One interesting aspect of dealing with nonparaxial beams is quantification of how paraxial a light field is. The degree of paraxiality introduced by Gawhary and Severini provides an effective way for characterizing the paraxiality of a monochromatic light beam [38] . The dependence of the degree of paraxiality on field correlations was studied in [39] . Zhou investigated the change of the paraxiality of a Gaussian beam diffracted by a circular aperture [40] .
A nonparaxial partially coherent beam can be produced from a paraxial partially coherent beam by its focusing with a high numerical aperture [41] [42] [43] , and is commonly encountered in holography microscopy and microlithography. In some other applications, such as free space optical communications, a nonparaxial partially coherent beam may also be encountered when a partially coherent beam is scattered by microparticles in the atmosphere. Hence, it is of interest to determine the relation between the state of coherence, twist phase, and the degree of paraxiality, which is the main objective of this paper. We will first derive analytical expressions for the degree of paraxiality of the GSM and the twisted GSM beams, without and with truncation and twist phase, and then illustrate them by numerical examples.
DEGREE OF PARAXIALITY OF A GAUSSIAN SCHELL-MODEL BEAM WITHOUT AND WITH TRUNCATION
The degree of paraxiality of a monochromatic light beam is defined as [38] 
where A 0 ͑p , q͒ is the angular spectrum of the light beam at the source plane with p and q being the coordinates in the spatial-frequency domain. The definition (1) is based on the comparison between the energy flux associated with the solution of the Helmholtz equation and that associated with the solution of the paraxial equation [33] . The light beam is regarded as a completely paraxial beam if P = 1, and a completely nonparaxial beam if P = 0. The light beam is regarded as partially paraxial beam for all cases in between, i.e., if 0 Ͻ P Ͻ 1.
The second-order statistics of a partially coherent beam are typically characterized by the cross-spectral density (CSD) function, which for an isotropic GSM beam in the source plane z = 0 has the form [1] [2] [3] [4] [5] [6] [7] [8] W 0 ͑x 1 ,y 1 ,x 2 ,y 2 ͒ = exp ͫ − x 1 2 + y 1 2 
where I0 and g0 denote the transverse r.m.s. beam width and r.m.s. spectral coherence width, respectively. These parameters may in general depend on angular frequency . The dependence of the CSD and other derived properties on will be omitted throughout the paper.
The angular correlation function of a partially coherent beam is defined by the following integral [44, 45] :
On substituting from Eq. (2) into Eq. (3) we obtain the angular correlation function of a GSM beam as
͑4͒
If we set p 1 = p 2 = p and q 1 = q 2 = q in Eq. (4), we obtain for ͉A 0 ͑p , q͉͒ 2 of a GSM beam the formula
͑5͒
Further, on substituting from Eq. (5) into Eq. (1), we obtain for the degree of paraxiallity the expression
where ␣ = p, ␤ = q, and k =2 / is the wave number with being the wavelength. In the cylindrical coordinate system we can express Eq. (6) in the alternative form
͑7͒
After tedious integration we obtain the following expression for the degree of paraxiality of a GSM beam:
Erf͓s͔ being the error function of argument s. In the derivation of Eq. (8), we have used the following integral formula [46] :
One finds from Eq. (8) that the degree of paraxiality for the GSM beam is determined by both the transverse r.m.s. beam width and the spectral r.m.s. coherence width. One can readily verify that by setting I0 = w 0 /2 in the limiting case g0 → ϱ, Eq. (8) reduces to the expression for the degree of paraxiality for a coherent Gaussian beam [Eq. (7) of [38] ]. Figure 1 shows the dependence of the degree of paraxiality of a GSM beam on the normalized transverse r.m.s. beam width, I0 / , for different values of the r.m.s. coherence width g0 . One finds from Fig. 1 that both transverse beam width and coherence width affect the degree of paraxiality of a GSM beam. Namely, the degree of paraxiality decreases as the transverse beam width or coherence width decreases. For the limiting case when I0 → 0 the degree of paraxiality tends to zero, implying that the light beam becomes completely nonparaxial. We note that the effect of the coherence width is negligible when the beam width is very small because the latter plays a dominant role in this case. Under the condition of I0 → ϱ, the de- gree of paraxiality of a coherent Gaussian beam tends to one as expected, while the degree of paraxiality of a GSM beam with low coherence does not tend to one, and, moreover, the lower the coherence is, the smaller is the degree of paraxiality. The phenomenon is caused by the fact that the beam becomes highly divergent as its coherence decreases [1] , thus leading to the decrease in the degree of paraxiality. Our results relating to the degree of paraxiality of a coherent Gaussian beam agree well with those reported in [38] .
We will now study the degree of paraxiality of a truncated GSM beam. Let us assume that a circular aperture with radius a and transmission function H͑x , y͒ = 0 for 0 Ͻ ͱ x 2 + y 2 ഛ a and H͑x , y͒ = 1 for ͱ x 2 + y 2 Ͼ a is located at the GSM source plane. Then the CSD of the truncated GSM beam in the source plane can be expressed as
The circular aperture's transmission function can be expanded as the following finite sum of complex Gaussian functions [23, 47, 48] :
where A m and B m are the expansion and Gaussian coefficients, which can be obtained by numerical optimization directly; a table of A m and B m can be found in [42, 43] . This expansion method has proved to be reliable and efficient. The simulation accuracy improves as N increases. For simulation of a hard aperture, N = 10 already assures a very good description of the diffracted beam. In this paper, we choose N = 15.
On substituting from Eqs. (10) and (11) into Eq. (3), we obtain the following expression for the angular correlation function of a truncated GSM beam:
͑12͒
with C m =1/4 I0 2 +1/͑2 g0 2 ͒ + B m / a 2 and C n =1/4 I0 2 +1/ ͑2 g0 2 ͒ + B n * / a 2 −1/͑4C m g0 4 ͒. By setting p 1 = p 2 = p and q 1 = q 2 = q in Eq. (12), we obtain ͉A 0 ͑p , q͉͒ 2 of a truncated GSM beam as follows:
͑13͒
with ␣ mn = 2 ͑1/C m +1/C n +1/͑4C m 2 C n g0 4 ͒ −1/͑C m C n g0 2 ͒͒ / 2 . Substituting Eq. (13) into Eq. (1), we obtain (after tedious integration) the following expression for the degree of paraxiality of a truncated GSM beam
͑14͒
We calculate in Fig. 2 the dependence of the degree of paraxiality of a truncated GSM beam on the normalized aperture radius a / for different values of the coherence width g0 with I0 = 2.5, respectively. One finds from Fig.  2 that the truncation parameter a, transverse beam width I0 , and coherence width g0 together determine the degree of paraxiality of a truncated GSM beam. The degree of paraxiality of a truncated GSM beam decreases as the truncation parameter, transverse beam width, and coherence width decrease. Note that the effect of coherence width is negligible when the truncation parameter is very small because the effect of the aperture plays a dominant role in this case. Our results for the degree of paraxiality of a truncated Gaussian beam ͑ I0 → ϱ͒ agree well with those reported in [40] .
DEGREE OF PARAXIALITY OF A TWISTED GAUSSIAN SCHELL-MODEL BEAM WITH AND WITHOUT TRUNCATION
The CSD of a twisted GSM beam is expressed as [12] W 0 ͑x 1 ,y 1 ,x 2 ,y 2 ͒ = exp ͫ − x 1 2 + y 1 2 where 0 is a scalar real-valued twist factor with the dimension of an inverse distance, limited by the double inequality 0 ഛ 0 2 ഛ ͓k 2 g0 4 ͔ −1 due to the non-negativity requirement of Eq. (15) . Under the condition of 0 =0, Eq. (15) reduces to Eq. (2) . As a result of the existence of the term x 1 y 2 − x 2 y 1 in Eq. (15), the two-dimensional crossspectral density cannot be represented by a product of two one-dimensional cross-spectral densities. Equation (15) can be expressed in the following alternative tensor form [21] :
͑16͒
where r T = ͑x 1 y 1 x 2 y 2 ͒, and M 0 −1 is a 4ϫ 4 matrix, called partially coherent complex curvature tensor, that has the form
͑17͒
with I being a 2 ϫ 2 unit matrix, and J being an antisymmetric matrix, viz.,
͑18͒
Equation (3) can be expressed in following alternative form (19), we obtain (after vector integration)
where M 0 is the inverse matrix of M 0 −1 . After expansion, Eq. (21) can be expressed in the alternative form A 0 ͑p 1 ,p 2 ,q 1 ,q 2 ͒ = 16 2 g0 2 I0
ͬ .
͑22͒
By setting p 1 = p 2 = p and q 1 = q 2 = q in Eq. (22), we obtain ͉A 0 ͑p , q͉͒ 2 of a twisted GSM beam as ͉A 0 ͑p,q͉͒ 2 = 16 2 g0 2 I0
Substituting Eq. (23) into Eq. (1), we obtain the following expression for the degree of paraxiality of a twisted GSM beam:
where ␥ 1 =2k 2 I0 2 g0 2 / ͑4 I0 2 + g0 2 +4k 2 g0 2 I0 4 0 2 ͒. Under the condition of 0 =0, Eq. (24) reduces to the expression for the degree of paraxiality of a GSM beam [Eq. (8) ].
We calculate in Fig. 3 the dependence of the degree of paraxiality of a twisted GSM beam on the normalized transverse beam width I0 / for different absolute values of the twist factor ͑ 0 ͒ with = 632.8 nm, g0 = . One finds from Fig. 3 that the twist phase has no obvious influence on the degree of paraxiality of a twisted GSM beam at the source plane when the transverse beam width is very small ͑ I0 / Ͻ1͒, because the effect of beam width plays a dominant role in this case. As the transverse beam width increases ͑ I0 / Ͼ1͒, the influence of twist phase on the degree of paraxiality becomes obvious in this case, and we find that the degree of paraxiality decreases as the absolute value of the twist factor increases, which can be explained by the fact the twist phase plays a role of increasing the beam divergence on propagation [12] [13] [14] [15] [16] [17] [18] . From Fig. 3 , one interesting phenomenon is found, namely, that the degree of paraxiality of a twisted GSM beam decreases as the beam width increases when I0 / Ͼ1, which is very different from that of a GSM beam, whose degree of paraxiality approaches a constant as the beam width increases. According to [12] , since the divergence angle of a twisted GSM beam is expressed as Fig.  4 that the divergence angle is closely determined by the beam width, coherence width, and twist factor. For a GSM beam without twist phase, the divergence angle decreases as its beam width increases, which means the directionality of the GSM beam becomes better, and, thus, the degree of paraxiality increases. For a twisted GSM beam, the divergence angle decreases as the beam width increases when I0 / Ͻ1, and it increases as the beam width further increases when I0 / Ͼ1, which means the directionality of the GSM beam becomes worse as the beam width increases as a result of the influence of the twist phase, thus leading to the decrease of the degree of paraxiality as shown in Fig. 3 . Now we consider the degree of paraxiality of a truncated twisted GSM beam. We assume that a twisted GSM beam in the source plane is truncated by a circular aperture with radius a, and hence its CSD at the source plane is expressed as 
After expansion, Eq. (28) can be expressed as
͑29͒
where D n = 1/͑4 I0 2 ͒ + 1/͑2 g0 2 ͒ + B n * /a 2 − 1/͑4D m g0 4 ͒ + k 2 0 2 /͑4D m ͒,
By setting p 1 = p 2 = p and q 1 = q 2 = q in Eq. (29), we obtain ͉A 0 ͑p , q͉͒ 2 of a truncated twisted GSM beam as
͑31͒
with ␤ mn = 2 / 2 ͑1/D m +1/D n +1/4D m 2 D n g0 4 −1/D m D n g0 2 − k 2 0 2 /4D m 2 D n ͒. Substituting Eq. (31) into Eq. (1), we find (after integration) the following expression for the degree of paraxiality of a truncated twisted GSM beam:
͑32͒
Under the condition of 0 =0, Eq. (32) reduces to the expression for the degree of paraxiality of a truncated GSM beam [Eq. (14) ]. Equations (8), (14) , (24) , and (32) are the main analytical results of this paper. Fig. 4 . Dependence of the divergence angle of a twisted GSM beam on the normalized transverse beam width I0 / for different absolute values of the twist factor 0 with = 632.8 nm and g0 = .
CONCLUSION
In conclusion, we have obtained the analytical expressions for the degree of paraxiality of the GSM and the twisted GSM beams with and without truncation based on the recently introduced definition of the degree of paraxiality. Our results have clearly shown that the degree of paraxiality of a partially coherent beam is determined by its beam width, spatial coherence, and twist phase. For a truncated partially coherent beam, the truncation parameter also affects the degree of paraxiality. Our results provide a method for determining the degree of paraxiality of partially coherent beams; they can be readily adopted for similar studies of other classes of beams and can be extended to the electromagnetic domain. Our results may be useful in some applications such as holographic microscopy, micro-lithography, and free space optical communications.
